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Differential Equations driven by Il-rough paths 

Lajos Gergely GyurkcQ 

Abstract 

This paper revisits the concept of rough paths of inhomogeneous degree of smoothness (ge- 
ometric fl-rough paths in our terminology) sketched by Lyons [6] . Although geometric IT-rough 
paths can be treated as p-rough paths for a sufficiently large p and the theory of integration of 
Lip 7 one-forms (7 > p — 1) along geometric p-rough paths (ref. [6], [7J) applies, we prove the 
existence of integrals of one forms under weaker conditions. Moreover, we consider differential 
equations driven by geometric fl-rough paths and give sufficient conditions for existence and 
uniqueness of solution. 



O ■ Introduction 

<N . 

The theory of rough paths due to Lyons [6j [7] enables the definition of a wide class of stochastic 
differential equations in the path-wise sense. In particular, the rough paths representation of Brow- 
nian motion (enhanced or lifted Brownian motion) was considered in [7J, and has been extensively 
studied by Friz & Victoir [21 0] and many others. Coutin and Qian [T] proved the existence of a 
geometric rough path associated with the fractional Brownian motion with Hurst parameter greater 
than 1/4. A different approximation of the enhanced fractional Brownian motion was studied by 
■ Millet and Sanz-Sole [jjj. The rough path representation of an even larger class of Gaussian processes 

has been explored by Friz and Victoir [21 0] and others. In all these works, the roughness degree of 
P-i ■ the driving noise is described by a single real number p, and hence it is assumed to be homogeneous 

in all directions. 

In this paper, we revisit the definition of geometric rough paths of inhomogeneous degree of 
smoothness (geometric II- rough paths in our terminology) sketched by Lyons [6j. The sharp exten- 
sion theorem of Il-rough paths specifies which terms of the signature of a rough path of inhomo- 
£N) I geneous degree of smoothness determine the whole signature. In particular, the extension theorem 

determines what terms are to be specified in order to lift stochastic processes with mixed components 
such as Brownian and fractional Brownian components to n-rough paths. 

We note that geometric Il-rough paths can be treated as p-rough paths for a sufficiently large 
p and the theory of integration of Lip 7 one- forms (7 > p — 1) along geometric p-rough paths (ref. 
[BJ [7J) could be applied. We show that the Lip 7 condition on the one- form can be weakened if we 
exploit the fact that the underlying Il-rough path has components with roughness parameter smaller 
psj ■ than p. 

Moreover, we consider differential equations of the form 



dY t = f(X t ,Y t )dX t , Y =£eW (1) 

where A is a geometric n-rough paths defined on some Banach space V, f : V © W —> L(V, W) and 
d • W is some Banach space. This equation can be rewritten as follows. 

dY t = f{Y t )dX u Y = (A , e V © W, (2) 

where / : V © W ->• L(V, V © W) defined by 

f(v,w)(u) = (u,f(v,w)(u)). 

From Lyons' Universal Limit Theorem (ref. [6], [Jj), we know that solution to ([2]) exists and is 
unique if / is Lip 7 with 7 > p. We prove the existence and uniqueness of solution for our case under 
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sufficient conditions that are weaker than that is required by Lyons' Universal Limit Theorem in the 
homogeneous case. 

The paper is structured as follows. In section [TJ we introduce II-rough paths and state the 
extension theorem (Theorem ll.lj) . The main result of section [5] is Theorem 1 2 . 31 that derives integrals 
of Lip r,n -one forms with respect to II-rough paths. Finally, by adapting some arguments in [S], we 
state and prove a II-rough paths version of the Universal Limit Theorem. 



1 Il-rough paths 

Throughout in this section, k denotes a fixed positive integer and II = (pi, . . . ,pk) is a real k-tuple, 
such that pi > 1 is a real number for all i £ {1, . . . , k}. Furthermore, let a Banach space V of the 
form V — V 1 © ■ • • © V k be given for some Banach spaces V 1 , . . . , V k . 

Definition 1.1. We say that R — (r*i, . . . , 77) is a fc-multi- index if 1 < rj < k is an integer for 
all j G {1, . . . , I}. The empty multi-index is denoted by e and the set of all k-multi-indexes of finite 
length is denoted by A k . 

Given the multi-index R — (n, . . . , r;), we define the k-multi-index R— by 

R- = (ri, r 2 , ■ • • , H-i, n)- = (ri, r 2 , ■ ■ ■ , H-i)- 

The concatenation of the multi-indices R — (r*i, . . . , 77) and Q = ((ft, ... , q m ) is denoted by 

R*Q = (r\,...,n) * (qi,.-.,q m ) = (n, ■ ■ ■ ,n, 9i) • • • , Qm)- 

Definition 1.2. For the k-multi-index R — (r\, ...,ri) we denote the length by \\R\\ = I. Further- 
more, we define the function rij for j 6 {1, . . . , k} by 

Tij(R) :— card{«|r,; = j, ri 6 R}. 

We introduce the Tl-degree of R as 

1-1 n 

Note that deg n (e) = 0. We also introduce the function Tn : A k —> [0, 00) by 

Tn(R)= (^y..(^s.v forR€At , 



Pi J \ Pk 

where (•)! denote the T -function. 

Let s > be real. We introduce the set of k -multi-indices 

AY :={fl=(n s ...,n)| 1>1, deg n (i?)< s }. 

Let S denote the set 

S n = {s = deg n (i?) \ReA k }. 
Note that S is unbounded from above and closed for addition. Also note that since for any R £ A k , 

\R\\ 



deg n (i?) > 



maxi<j< fe p. 



the set {R £ „4 fc |deg n (i?) < s} is finite for all s > 0. This implies, that the elements of S n can be 
listed in ascending order. The mth element in the ordered S u will be denoted by s m . 
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Definition 1.3. The space of formal series of tensors of V is equivalently represented by 

oo 

too = 0i/®"= v ri «>■•• ®v ri , 

n=0 (r 1 ,...,r i )eA k 

where V®° := R. 

For a k -multi-index R= (n, . . . ,rj), we introduce the notation 

V® R = V ri ®---®V ri , and 
y-(n» = J- V® R , for s G S n . 

deg n (R)=s 

In general, for a vector space U = A® B, tta and ttb denote the canonical projection onto A and 
B respectively, i.e. for u = a + b G U , such that a G A and b G B, ttaU = a and ttbu = b. We 
extensively use the projection iry onto the V component ofT(V). 

Let ttr '■= nv r i®---®v r i and ^(v*) for i G {1, . . . , k} denote the canonical projections 

ttr := 7ry r i®...(g>v r i : T(V) — > V® R 
7r T{vi) : T(V) -> T(V*). 

Given an element v G V and a multi-index R — (n,...,rj), we introduce the element Vr as 
follows: 

VR := (7T (ri) u) ® • • • ® (7T (ri) u) G V® R . 

The set Bf defined by 

Bf := {a G T(V)\ VR G A?, -kr{o) = 0} 

is an ideal inT(V). 

The truncated tensor algebra of order (II, s) is defined as the quotient algebra 

T {n ' s \V) :=T(V)/Bf. 

We assume the existence of tensor norms | • \\r for all R G A k satisfying 

\\a ® b\\ R * Q < \\a\\ R \\b\\ Q , Va G V® R , Vo G V®®. 

We will drop the multi-index from the notation of the norm if it does not result in any ambiguity. 

Definition 1.4 (Control function). Let T be a positive real and At denote the set {(s,t) G [0, T] x 
[0,T]|s < t}. A control function, or control, on [0,T] is a uniformly continuous non-negative 
function uj : At — > [0, +oo) which is super- additive, i.e. 

lj(s, u) + lj(u, t) < u>(s, t) Vs, u, t G [0, T], s < u <t 

and for which w(t, t) = for all t G [0, T]. 

Definition 1.5 (Finite II- variation). Let to be a control on [0,T]. for a positive real q, the map 
X : A T ->■ T( n <«) is multiplicative if /or allO < s <t <T, n e X Sit = 1 and for all < s < t < u < T , 

X s m = X Sit ® -X^u- 

Furthermore, X is of finite II variation controlled by uj if there exist a positive (3 such that 

Lu(s £) d °Sn(-R) 

lk*(x,, t )||< pkTn{R) 

for all (s, t) G At and for all k-multi-index R G A™. 
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The Extension theorem states that a At — >• 7 7 ( n ' 1 '(V") multiplicative functional of finite II- 
variation can be uniquely extended to a At — > T^ n ' q '(V) multiplicative functional of finite II- 
variation for any positive q. This will allow us to define II-rough paths as A T -> T^\V) multi- 
plicative functionals satisfying certain properties (see Definition (Op . 

Theorem 1.1 (Extension theorem of multiplicative functionals of finite II- variation). Let X : At — > 
T( n ' 1 )(V A ) be a multiplicative functional of finite Il-variation controlled by uj. Then for every k-multi- 
index R € A k / AY, there exists a unique continuous function X R . : A t — > V® R such that 

(s,t)^x Sit = Y, ^eT(y) 

ReA k 

is a multiplicative functional of finite Il-variation controlled by uj in the following sense: 



"1(H) | | "fcW , 

uj{s,t)~^ + "' + ~^T _ u(s,t) de ^(R) 



for all R £ A k , where 

P>(p\---pI (i V 



r=3 



P k T n (R) 



i/fe 



and s m * and s m »+i are the unique pair of adjacent elements of the ordered S u for which s m * < 1 < 

A proof of this theorem based on the proof of the extension theorem of p-rough paths (ref. [5J) 
is derived in [5]- 

Definition 1.6 (II-rough paths). A II-rough path in V is a continuous At — > T( n ' 1 )(V) multi- 
plicative functional X with finite Il-variation controlled by some control uj. 
The space ofH-rough paths is denoted by D,u(y). 

Definition 1.7. Let Co.n (At, T( n,1 )(V^)) denote the space of all continuous functions from the 
simplex At into the truncated tensor algebra T^ n,1 \V) with finite H-variation. The Il-variation 
metric dri-var on this linear space if defined as follows 



d n ~ va r(X,Y) := max sup Y \Wr(X u _ iA -Y tl _ lttl ) 
ReAf ver([o,T]) \v 



\ dcg n (fl) 
|l/deg n (il) \ 



The following subset of the space of II-rough paths is crucial for our further analysis. 

Definition 1.8 (Geometric II-rough path). A geometric II-rough path is a II-rough path which can 
be expressed as a limit of (l)-rough paths (or smooth rough paths) in the H-variation distance. The 
space of geometric II-rough paths in V is denoted by GQn(V). 

Remark 1.1. In the special case, when k = 1 and II = (p) for some p > 1, we will use the simplified 
notation: "finite p- variation" , "p-rough paths", " d p _ var -distance" and "geometric p-rough paths". 
A direct definitions for these terms can be found in [5J and [5]. Furthermore for a 1-multi index R 
with length j, we will use the notation ttj — ttr, and we will write T l (V) for T( n ' J / p )(V). 



2 Integration with respect to II-rough paths 

Lyons [BJ introduced integrals of Lip 7 one-forms along p- rough paths for 7 > p— 1. In this section, we 
introduce Lip r,n one-forms (Definition I2.2[) and integrals of Lip r ' n one-forms along II rough paths 
(Theorem 

First we define the s-symmetric maps for s £ S u . 
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Definition 2.1 (s-symmetric maps). Let i be a positive integer and x G V® 1 . Let a;W denote the 
i- symmetric part of x. Let q > (0, oo], X G T^- ,q \V) and s G S n . Then the s-symmetric part of X 
is defined as 

dcg n (i?,)=s \i£N / 

A map f defined on T^ n ^(V) is s-symmetric, if for all X G T^ n ^(V) 

f(X) = f(x^). 

Now, we can give the definition of Lip r ' n one-forms. 

Definition 2.2 (Lip r,n one-forms). Let IT = (pi, . . . ,pk) and T — (71, . . . , 7^) be k-tuples and let 
F be a closed subset of V, W be a Banach space. The function a : F — ► L(V,W) is a (II, T)- 
Lipschitz one-form on F if a(u) = Y)^—i cn{u) o ir Vi such that o.i : F — > L(V l , W) and for each i 
and s m < 7; (where s m is the m th element in the ordered set S n ) there exist functions a*" 1 : F 
L (l/( n ' Sm ), L{V l , W)) taking values in the space of s m - symmetric maps satisfying 

<< m (y)(v)= E «? n («)(«® E n^fr) +K n (*>v)(v) 

s m <s n <~?i \ deg n (R)=s„-s m 11 / 

for all x,y G F and v G V^ n ' s ^ , w/iere i?" m : F x F ^ L (V^ s ^ , L(V l , W)) with 

k 

\\BF{x,y)\\<MY^hv*(x-v)\\ { *-' m)pi - (3) 

3=1 

In addition to the above definition and for practical reasons we introduce the functions a Sm : 
F -> L (F (n < Sm) , L(V, W)) for s m < maxi<i<jfe 7; = 7 max defined by 

a*™ («)(«) = E Q^HWo^-, Vi>eF,V«eV (n ' s '" ) . 

Note that a Sm takes s m -symmetric linear maps as values. Furthermore we introduce the functions 
R Sm : F x F -> L (V rt8l ^ n,Sm ^ ) i(V, 17)) defined by 

i? s ™(x,y)( U ) = E »fv<, Vib,* 6 F,Vu 6 7^'. (4) 

i,Sm<~ti 

Remark 2.1. Note that for k = 1, II = (p) and L = (7) Definition 12.21 simplifies to the classical 
definition of Lip 7 functions (ref. [6]) for 7 = jp, although the notation is slightly different. 

Remark 2.2. The above definition can be interpreted as a "decomposition and partial reconstruc- 
tion" of the classical Lip 7 functions. In the classical definition J- 7 (i.e. the j th term in the expansion) 
is an F -> L (V® j ,L(V, V7)) -valued function, which can be decomposed as 

/'(*)= E f S ' R (x)°*v»* 
\\R\\=j 

for x G F, where f-* ,R {x) is a linear function in L(V® R , L(V, W)). In the above definition these f^ H 
functions are grouped and summed by the degree of R leaving out the that have degree corresponding 
to multi- index with degree greater than a certain value (7»). Similar decomposition and partial 
reconstruction is done with the remainder terms. Note that the condition on the remainder term 
are weaker compared to the homogeneous case (k = 1, II = (p ma x)> T = (7)). 
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Remark 2.3. In the special case when all the mult i- indices R of degree less than ji are of the form 
(j, . . . , j) for some 1 < j < k (for example k = 2 and + ^ > 7j f° r .7 = 1 or 2) the term 



E 



(x - v)r 



d eSn (R)=s n -s m 11 11 

for v € l/®( n < s ™) is actually homogeneous, i.e. lies in (yi)® n where n = s m pj. In this case the 
condition (in the above definition) on on is equivalent to the following. For each j = 1, . . . , k the 
function 

x M. a,((y\ . . . ,y j ~ 1 ,x,y j+1 , . . . ,/)), x e V 3 

for fixed 

(y 1 , . . . ,y j -\j j+1 , ...,/) e F 1 © • • • © f^ 1 © © • • • v k 

is Lip 71 ^ (in the classical sense) with Lipschitz norm uniform in (y 1 , . . . , y^' -1 , ■ ■ ■ ,j k )- 
In the case, when ^- > 7i, the Lip 7iPj condition is equivalent to 7iPj-H61der continuity. 

In Theorem l2.3l an integral approximation formula is introduced and we the existence of a unique 
rough path associated with the integral approximating formula. This unique rough path is referred 
to as the integral of a one-form along a II-rough path. To prove the existence and uniqueness of the 
rough path associated with the integral approximating formula we reformulate the problem in terms 
of almost p-rough paths. 

Definition 2.3 (Almost p-rough path). Let p > 1 be a real number and u) a control. A junction 
Y: A T — > T^ P ^(V) as an almost p- rough path if 

(i) Y has finite p '-variation controlled byu, i.e. 

Ik {YsM < Vi = 1, . . . , bJ , V(s, t) e A T 



(ii) Y is almost multiplicative in the sense 

hiiY^^Y^t-Y^W <uj{s,t) e Vi = l,...,LpJ, Vs,M,tG [0,T], s<u<t 
and for some 9 > 1 . 

Almost rough paths have the crucial property that each one of them determines a rough path in 
the sense of Theorem 12.11 This property is exploited when we derive the existence and uniqueness 
of integrals along II-rough paths. 

Theorem 2.1. Let p > 1 be a real number and cj fee a control. Let Y : At — » T^ P ^(V) be an 
almost p -rough path with p -variation controlled by uj as in Definition \2.3[ Then there exists a unique 
p-rough path X : A T ->• T^(V) such that 

hd^t-YM 

sup — Vd < +oo. 

0<s<t<T U{S,t) H 

»=o,...,LpJ 

Moreover, there exists a constant K depending only on p,9 and w(0,T), such that the supremum is 
smaller than K, and the p-variation of X is controlled by Kuj. 

The reader is referred to |B] and [7] for proof. 

Although it is not required for the main result of this section, Theorem 12.11 can be extended for 
general k > 1 and fc-tuple II as follows. 
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Theorem 2.2. Let the Banach space V be of the form V = V 1 © • • • © V k for some Banach spaces 
V 1 , . . . , V k . Let II = (pi, . . . ,pk) denote a k-tuple as in Definition \l.l\ and let u> be a control. Let 
the functional Y : At — > T( n,1 )(V) be a 0-almost H-rough path controlled by w, i.e. 

(i) it has a finite IL-variation controlled by uj: 

11 (3 k T n (R) 
for all (s, t) G Ay and for all multi-index R £ A^ ■ 
(ii) it is almost- multiplicative, i.e. there exists 6 > 1 such that 

\\ir R {X SiU ®X Ujt -X s , t )\\ <u(s,t) e Vs<u<te [0,T], VR e A?. 

Then there exists a unique Il-rough path X : At — > T' n,1 ^(V) such that 

\\w R (X Sit -Y s , t )\\ 

sup ' — < +oo. (5) 

0<s<t<T w(M) 
ReA? 

Moreover, there exists a constant K which depends only on H, 9 and ui(0, T) such that the supremum 
([5]) is smaller than K and the Tl-variation of X is controlled by Kuj. 



The proof of Theorem [22] is sketched in [5] and based on the proof of Thcorcm l2.1l as derived in 

Finally, we can state the main theorem of the section. 

Theorem 2.3 (Integration of Lip r ' n one- forms). Let V and W be Banach spaces, such that V = 
V 1 © • • • V k for some Banach spaces V 1 , . . . , V k . Let IT = (pi, . . . ,pk) denote a k-tuple as in 
Definition [777] with p max = nmxi<;<fc p.; and let u) be a control. Let Z : At — > T^ n,1 \V) be a 
geometric Il-rough path controlled by w. Let T = (71, . . . , 7^) be a real k-tuple such that 7, > 1 — l/pi 
for i = 1, . . . , k and 7 max = maxi<i<fc 7, . Finally let a : V — > L(V, W) be a Lip r ' U function as in 
Definition^. 21 

Then Y : A T ->• T^"-*)- 1 ) (W) defined for all (s,t) e A T by 



Y™ t := ir w ® n (Y a ,i) = 

« Smi (Try (Z , s )) © • • • © (w v (Z , s )) ^ <^~ 1 ^R 1 *-*R a (Z s ,t) 



i+-+%„<7mi R 1 ,...,R n eA k 

dcg u (Ri— )— Si, i—l,...,r 

CT eos(||fli||,...,||ii„||) 



is an almost p-max-rough path. 

Theorem 1 2 . 31 leads to the following definition. 



(G) 



Definition 2.4 (Integration of Lip r ' n one-forms). Let V and W be Banach spaces, such that V = 
V 1 © • • • © V k for some Banach spaces V 1 , . . . , V k . Let II = (pi, . . . ,pk) denote a k-tuple as in 
Definition with p max = maxi<i<fePi and let u> be a control. Let Z : At — >• T^'^V) be a 
geometric Il-rough path controlled by u>. Let T — (71, . . . ,7/.) be a real k-tuple such that 7$ > 1 — l/pi 
for i = 1, . . . , k. And finally let a : V — > L(V, W) be a Lip r ' U function. 

Let Y : At — > T^" 1 '^' 1 ^ (W) be the almost p ma ^-rough path defined by Theorem \2.S\ . The unique 
{Pma.x) -rough path associated to Y by Theorem \2.1\ is called the integral of a along Z and it is denoted 
by 



J a(Z)dZ : A T -> T^'-^'^TT). 
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Remark 2.4. In the general case the integral is a p max -rough path in the sense of [B]. However, for 
special forms of the Lip r ' n one-form a, the integral itself is a II-rough paths. The reader is referred 
to [5] for examples. 



In the remaining part of the section, we present a proof of Theorem 12.31 

Equation ([6]) describes an integral approximating formula projected on W® n . The intuition 
behind this formula comes from integrals with respect to paths of finite length. In particular, let 
Z : [0, T] —> V be a path of finite variation. For a multi-index R = (ri, . . . , n), let Zf t € V® R be 
defined as 



Zf >t = / dTT ri (Z U1 ) ® • • • O dir ri {Z Ul ). (7) 

J s<«i<---<u I <i 

Furthermore, let the function Y 1 : At — > W be defined for all (s, i) S At by 

Y£ t := ^ a s ">(Z s ) Z s,t= I a{Z u )dZ u - f R°(Z Sl Z u )dZ u . (8) 



dcg n (-R-)=s„ 



Then 



J s<ui<---<u n <t 



deg n (fl-)=s mi 



R 



...® 53 a fl -(Z s ) 53 d/. 

S m „<7max _Re^ fc 

deg n (ii-)=s m , 

53 a Smi (Zs) ® • ■ • ® a Sm " (Z.) / dZjJ^ ® • • • ® dZ. 



S.U rl 



S<Ui < ■ ■•<ii n <t 



53 (Z s )®---®a s - (Z fl ) 53 a -l z Rf-*Rn (9) 

S mi ,---,S m „<7max « />' I .V 

dcg n (i?i— ) — Si, i—l....,n 
aeOS(\\R 1 \\,...,\\R n \\) 

for n = 2, LPmaxJ- 

Equation ([§]) is an adaptation of the results of Section 4.2. of |S]. 
Lemma 2.1. If Z : [0,T] —} V is path of finite variation, then for any s < u < t in [0,T], 

53 a s -(Z s )l 53 Z*W) = 

»".<1- \deg n (fl.)= Sm / 



53 (a s ™ (Z u ) - R Sm (Z s , Z u ))\ 53 Z* I (dZ t 

s m <7»« \deg n (R)=s m 



The proof of the lemma is analogous to the proof of Lemma 5.5.2 in [7]. 
Lemma 2.2. Let Z : [0,T] — > V be a path of finite variation. Let the map 

Y = (1, F 1 , . . . , l"LPmaxJ "J . ^ R © W © W® 2 (g) ...®H/®LPmaxJ 

&e defined by equations (|5J) and ([5]) . 



(10) 
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Then for all s < u < t in [0, T], 

Y SiU (g> Y u , t - Y s , t = Y s , u ® N StU , t (11) 



whe 



Y ^ m jz s ,z u )-..p^(z s ,z u ) Y a ' z "' 



»i '"i^B R u ...,RieA k 

e ll ...,e i e{0,l} deg n (H j -)=s j , j=l,...,i 

ei-£«=o <7eos(||fli||,...,||fli||) 



(12) 



with 



K{Z S ,Z U ) = 



R Sm (Z s ,Z u ) ife = 0, 
-a s ™{Z s ) ife=l. 



The proof is based on Lemma 12.11 and the equation (0) , and is analogous to the proof of Lemma 
5.5.3 in [7]. 

Remark 2.5. The equation ^ and Lemmas 12.11 and 12.21 are stated for a smooth rough path Z. 
However for each of the equalities (fTUj) , (0) and ([TT|) , both the right-hand side and the left-hand side 
are continuous in the LT- variation metric. This fact extends the lemmas for geometric II-rough paths 
and this is the key to the next proof. 



We now prove Theorem 12.31 
Proof of Theorem[£M First we prove that Y. t . : A T -> T^" 1 **)' 1 ) (W), defined by 

\rn 

1 s,t — 

Y a Sm i (Try (Z , s )) ® • • • ® a Sm " (tt v (Zq, s )) ^ cr" 1 ^*...*^ (Z s , t ) 

8mi,— ,«m„<7ma* flj , . . . ,R n eA k 

dcg n (Ri — ) — Si. i— l,...,n 

<7eos(||Ri||,...,||fl„||) 

is an almost p max -rough path. Each term in the above sum is of the form 

a Sm i (Try (Zo, s )) ® • ■ • 8) a Sm " (tt v (Z , a )) tt^*...*^ (Z a , t ) (13) 

where deg n (i?i— ) = s mi . Since such a term is bounded by Co ||a||£. priI1 u;(s, t)"/ pmax where Co only 
depends on L, LI and w(0, T), this implies that condition i) of Definition 12.31 is satisfied. 
We prove condition ii) by giving a bound on the norm of 



(Y SiU ®Y Uit r-YZ t =J2Y s \ u ®N t 



n— z 
s,u,t~ 



i=0 



The representation of N™~\ in the equation (TT21 implies that there is at least one factor of the 
form R Sm (ttv (Zo, s ) , (Zq, u ))- Considering the representation (jU) of R Sm and the error bound ^ 
on i?| m , the following bound is implied: 

k k 

\\R s -(wv(Zo, s ),n v (Z , u ))\\<M Y JIIKv 3 (^,u)|| (7l " Sm)P3 <M Y, E w M) 7l " Sm - 

i,s m <7ij — 1 *,s m <7ij — 1 

Moreover considering that R^ m (x,y)(u) only acts on elements of V 1 , there exists a constant C\ 
depending only on ||a|| Lip r,n, L, LI and w(0,T) such that 



\\(Y s ,u®Y u , t r-YZ t \\ < d j>(mp +(1/p ' 

i=l 
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By the choice of L, 9 := mmi<i<k('Yi + (l/pt)) > 1, which implies that there exists a constant C 
depending only on || 1 1 Li p r,n , L, II and w(0,T) such that 

\\(Y s>u »Y u>t ) n -Y^\\<Cuj(s,t) e 

and hence Y is a ^-almost p max -rough path. 

Arguments analogous to Proposition 4.10 in [5] prove that Fis also a ^-almost p max -rough path 
and furthermore that the p max -rough associated to Y by Theorem 12.11 coincides with the p max -rough 
path associated to Y. □ 



Theorem 2.4. Under the conditions of Definition \2.4\ there exists a constant K depending only on 
T, LT and w(0,T), such that 



7r w® i I / a 



Y(Z)dZj 



< K \\ a \\Lip(n,TM s ^) 



The proof is analogous to the proof of Theorem 4.12. of [5] 

3 Differential equations driven by Il-rough paths 

When stating and proving the slightly generalised version of Lyons' Universal Limit Theorem, we 
will refer to (linear) images of LT-rough paths in the following sense. 

Definition 3.1 (Image by a function). Let Z : At — > T^ n ^(V) be a geometric H-rough path as in 
section\J\ Let f : V — > W be a Lip r ' U function for some k-tuple T — (71, . . . ,7^) satisfying 7, > 
1 — I/pi for i — 1, . . . , fc. Then the integral J df(Z)dZ is by definition a rough path in fl( Pm ^(W). 

We will denote this rough path by f(Z). 

We make use of linear images of rough paths and in particular projections of rough paths. E.g. 
if X is a rough path in ilu(V) then the image of X under the projection ir V i will be denoted by 

7T V ,(X). 

Now we can formally introduce differential equations driven by geometric LT-rough paths. 

Definition 3.2 (Differential equations driven by LT-rough paths). Let k > 1 be an integer, V and W 
Banach spaces, such that V = V 1 ®- ■ -®V k for some Banach spaces V 1 , . . . ,V k . Let H = (p%, . . . ,pk) 
denote a k-tuple and LT* = (pi,.. ■ ,Pk,Pmax) denote a (k + 1) -tuple both as in Definition \l.l\ Let 
f : V © W — > L(V, W) be a function. Finally let X G Gfln{V) be a geometric H-rough path and £ 
an element in W . 

We will say that Z G G51n* (V © W) is a solution of the differential equation 

dY t = f(X t ,Y t )dX t ,Y =Z (14) 

if Tiy(Z) = X and 

Z = J h (Z)dZ (15) 



where h ; V © W -> End(V © W) is defined by 

ho(x,y) = 

provided the integral (TT5|) is well defined. 



Id v 
f{x,y + £) 
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In the remainder of the section we give a sufficient condition for the existence and uniqueness 
of solution to the equation (|14p . We will assume the existence of the function : V x W x W —> 
L(W, L(V, W)) such that 

f{x,yi +£,) ~ f{x,y 2 +0 = 9^(x,yi,y 2 )(yi - y 2 ), for all x g V, yi,y 2 €W. 

We introduce the one-forms hi : V © W © W -)• End(U © VF © and /i 2 :V©W©W©V^->- 
End(y © W © W © W) as follows: 

/ Id v \ 
h 1 (x,y 1 ,y 2 ) = I 

V /(a,i/a + / 



h 2 (x,yi,y 2 ,d) 



Id v 








M 








Idw 





+ 












J 



where p is an arbitrary real number greater than 1 fixed for the remainder of the section. 

Theorem 3.1 (Universal Limit Theorem, inhomogeneous case). Let k > 1 be an integer, V and W 
Banach spaces, such that V = V 1 ®- ■ -®V k for some Banach spaces V 1 , . . . , V k . Let IT = (pi, . . . , pk) 
denote a k-tuple and X £ Gttn(V) be a geometric H-rough path and £ an element in W. 

Suppose that there exist real numbers 71,. . . , 7fc+3 such that 7^ > 1 — 1/pi for i = 1, . . .k and 
jk+j > 1 — 1/ Pm&x for j — 1,2,3, furthermore the functions ho, hi and h 2 are Lip r °' n °, Lip ri ' ni and 



Lip r2 ' n2 one- forms respectively for Tq = (71, 

El = (pi, . . . ,Pfc,Pmax,Pmax), and T 2 = (jl, 

Then the equation 

dY t = f(x t ,Y t )dx t , r = e 

has a unique solution. 



,7 fe+ i), n = (pi, . 
,7fc +3 ), n 2 = (pi, . 



■ ,Pfc,Pmax), Ti = (71, . 
) Pk j Pmaxi Pmaxj Pmax) 



, 7fe+2), 

(16) 



The proof of Theorem 13.11 is based on the proof of Lyons' Universal Limit Theorem in [8]. We 
start with adapting some lemmas used in the original proof. 

Lemma 3.1. Let the Banach space V be of the form V — V 1 © • ■ ■ © V k for some Banach spaces 
V 1 , . . . , V k . Let II = (pi, . . . ,pk) denote a k-tuple, e > 0, and let us be a control function. 

Consider Z = (X,Y) g GVL u *n{V © V) and let W £ Gfl n *u(V ® V) be the image of Z under the 
linear map (x, y) — > (x, Assume that the II * Tl-variation of W is controlled by uj. Then there 

exists a constant C depending only on II, w(0,T) and (3, such that 

||7r fl (X,,t-y. lt )||<C(e + ell fl ll)a;(a J t)ll fl ll/P-'~ J V(s, t) g Ay, VflGi?. 

Proof. The claim is equivalent to Lemma 5.6 of [S] adapted to the inhomogeneous smoothness case 
and the proof is analogous to the proof of the referred lemma. 

Let R = (ri,...,r{) G and (s,t) g A T . First, assuming that Z = (X, Y) £ V © V has 
bounded variation using the notation introduced in equation ((7]) and writing Y = X + s ~ , we get 



2 s,t 



E 



(ri+fei*i,...,r;+fc!*i) 



fe 1 ,...,fe ! e{o,i} 

fei + -+*i>0 



The assertion is implied by the continuity in the II * II- variation topology and by the control on 
W. □ 
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Lemma 3.2 (Scaling Lemma, inhomogeneous version). Let the Banach space V be of the form 
V = V 1 © ■ ■ ■ © V for some Banach spaces V , . . . , V k . Let IT = (pi, . . . ,Pk) denote a k-tuple, let cu 
be a control function and let M > 1 be a real number. Let E = V 1 © • • • © V 1 and F = V l+1 © ■ • ■ © V k 
be Banach spaces. Let III = (p±, ...,pi) and II2 = (pi+i, ■ ■ ■ ,Pk) denote the corresponding I and 
{k — I) -tuples. 

Let Z = (X, Y) : — > T^-^'CV) be a geometric H-rough path such that 
(i) the Yl-variation of Z is controlled by Mlo, 
(ii) the Hi-variation of X — tte(Z) is controlled by uj, 

(ill) Y= 7T F (Z). 

Then, for all < e < M~ Sm * , the H-variation of (X, eY) is controlled by u), where 

s m . = max |s m G S n \ = max deg n (i?). 

Proof. This lemma is analogous to Lemma 5.8 of [S], adapted to the inhomogeneous smoothness 
case. 

Let W £ G£ln(V) denote the image of Z under the linear map (x, y) — > (x, ey). For a multi-index 
R = (r 1 , • ■ • ,r m ), let \R\f denote the cardinality of the set {r| r 6 R,r > I}. Then if Z has bounded 
variation, by simple rescaling arguments we get 

By continuity, the last equality holds for general geometric IT-rough path Z. This following inequality 
is now implied and completes the proof: 



\n R (W sA )\\<s^M d ^'^ 



dog n (i?) 



l3 k T n (R) 



□ 



Given the one-forms hi, i = 1, 2, 3, we define the following sequences of rough paths 
Z o {0) = (X,0), and Z (n + 1) = [ h (Z (n))dh {Z Q {nj), 



Zi(0) = (X,0,y(l)), andZ 1 (n+l)= J h^Z^dh^Z^n)), 

Z 2 (0) = (X,0,F(1),Y(1)), andZ 2 (n + l) = J h 2 (Z 2 (n))dh 2 (Z 2 (n)), 

for n — 0, 1, . . . , where Y(n) = nw(Zo(n)). 

The definition of the above iterations imply the following lemma. 

Lemma 3.3. For all n > 0, 

Z (n) = (X,Y(n)) 

Zi(n) - (X,Y(n),Y(n + l)) 

Z 2 (n) = (X,Y(n),Y(n + l),p n (Y(n+l)-Y(n))). 

Furthermore, if the Tl-variation of X is controlled by uj, then the Hi-variation of Zj(0) is controlled 
by Muj for i = 1,2 respectively on [0,T p ], where M and T p are defined below. 
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Recall the definitions T = (71, . . . , j k +i), n = (pi, . . . ,Pfc,p ma x), T 2 = (71, . . . , 7^+3), H 2 = 

(pi,...,Pfc,p ma x,Pmax,Pma X ), furthermore we define Ti = (71, . . . , 7fc +2 ), III = (Pi, . . • ,ft,Pmax,Pmax)- 

By Theorem 12. 4[ there exists a constant Mj depending only on Ilj, T^, l\ and polynomially on the 
Lip ri ' ni -norm of hi, such that if Zj is a rough path in the appropriate space with LVvariation con- 
trolled by some control u> such that w(0,T) < 1, then the H-variation of J hi(Zi)dZi is controlled 
by 10 for i = 0, 1, 2 respectively. We define M = max(Afo, Mi, M2), and without loss of generality 
we assume that M > 1. We chose e = M~ Sm * . 

Let Wo be a control of the II- variation of X. Let T p > be chosen to satisfy luq{{),T p ) = eP max . 
Note that for Re Ay, 

l>deg n (tf) = f I^>^(*)_ ll*U 



. ^ Pi . _^ Pmax Pmax 

This implies that by setting lu = e~ Pmax wo, e^X is controlled by to and w(0,T p ) < 1. 

Lemma 3.4. For all n > 0, i/ie IIo, ITi and Hi-variation of the following rough paths respectively 

[e- l X,Y{n)) 
(e-^YfnJ.Yln + l)) 
and F(n),F(n + l),p n (Y(n + 1) - F(n))) 



are controlled by uj on [0, 2] 



The proof is based on the Scaling lemma [3~^1 and analogous to the proof of Proposition 5.9 in [3]. 
Now we prove the main theorem. We follow the proof of the Universal Limit Theorem corre- 
sponding to the homogeneous case presented in [5J. 

Proof of Theorem \3.1[ By Lemma [331 the n2-variation of Z%(ji) for all n > is controlled by ui on 
[0, T p ]. We define the linear map A : V © W © W © W -> (V © W) © (V © W) by 

j4(a:,2/i,y2,rf) = ((ac, 2/i), (0,d)). 

This linear map has norm 1. Note that 

A(Z 2 (n)) = ((X, y(n)),p n (0, Y(n + 1) - F(n))) = ((X, Y(n)), p n [(X, Y(n + 1)) - (X, F(n))]) 

is controlled by ui on [0,T p ]. Then Lemma 13.41 implies the existence of a constant C depending only 
on n, cj(0, T) and (3, such that for all (s, t) e A T 

\\7r R ((X,Y(n)) Stt -(X,Y(n + l)) s , t )\\ < Cp- n uj(s,t) m/pm ™, V-R G A^. 

(17) 

The inequality implies that (X, Y(n)) converges in the Ilo-variational topology on the interval [0, T p ] 
to a rough path (X,Y) e Gflu , which is also a solution to the RDE (TTBl) . 

Note that once p is chosen, T p is bounded from below where the bound only depends on the 
Lip-norm of ho, hi, II, L2 and the modulus of continuity of to on [0, T]. This implies that one can 
paste together local solutions in order to get a solution on the whole interval [0,T]. 

In order to prove uniqueness, we assume that Z — (X, Y) is also a solution to the RDE (jTHJ) . We 
compare Y{n) and Y by defining the function h 3 : V ®W ®W ®W -> End(V © W © W © W) by 



hz{x,y,y,d) 



/ Id v \ 

f(y + 

Id w 

V pgdvMd) 000/ 
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and denning Z 3 (n) by 



Z 3 (0) = (X,0,y,Y),andZ 3 (n + l)= / h 3 (Z 3 (n)). 

Arguments analogous to the proof of Lemma 13.31 (ref. [5]) imply that 

Z 3 (n) = (X,Y(n),Y,p n (Y-Y(n))). 

Now analogously to Lemma [3.41 the LT2-variation of Z 3 (n) is controlled by w on a small enough 
interval. Then by Lemma \3. II Y— Y on the same interval. The uniqueness of Y is implied by the 
uniform continuity of lu. 

Define If(X,£) = (X,Y). Analogous arguments to the proof of the Universal Limit Theorem 
in [5] imply that If is continuous from Gf2n(U) x W — )• GQu {V © W) in the Ll-IIo-variation 
topology. □ 
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